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Non-classical effects
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In this article we demonstrate a genuine non-classical effect....
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Non-classical effects

John Doe et al, Journal of Something, Vol. Whatever, p. something 
(200x)

In this article we demonstrate a genuine non-classical effect....

When is an effect truly non-classical?
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Why important?

Mass/Energy

Quantum/classical transition 

Quantum Classical

Is there a separation?

Atoms Planets
Superconducting 
circuits

Nanomechanical 
oscillators

We need criteria to test that something is non-classical

Sunday, April 29, 2012



What is not
• Discrete spectra
• Spontaneous emission 
• Squeezing
• Continuous variable quantum teleportation
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What is not
• Discrete spectra
• Spontaneous emission 
• Squeezing
• Continuous variable quantum teleportation

What is
Negative Wigner functions
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Types of non-classicality
1. Agrees with quantum mechanics

2. The quantum description is different

3. Non-classical according to quantum mechanics

4. Violates any classical description

5. Bell inequalities
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Agrees with quantum theory
True for planetary motion
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Agrees with quantum theory
Discrete spectra

Absorption
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Agrees with quantum theory
Discrete spectra

Absorption

!

Absorption of classical harmonic oscillator

Abs / !2�
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The quantum description is different

Ex: Spontaneous emission

Dipole moment vanish 

|ei

|gi

No electric field

=> No radiation

h ~̂d i = 0

~E(~r) = G(~r)h ~̂d i = 0
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The quantum description is different

Ex: Spontaneous emission

Dipole moment vanish 

|ei

|gi

No electric field

=> No radiation

Quantize: 

h ~̂d i = 0

~E(~r) = G(~r)h ~̂d i = 0

~̂E† ~̂E(~r) = G(~r)2d2�+�� ⇠ |eihe|

~̂E(~r) = G(~r)d��
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The quantum description is different

Harmonic oscillator with random phase

Dipole moment vanish 

Radiation as before

hdi ⇠ d0hei�i = 0

Square of dipole does not hd⇤(t+ ⌧)d(t)i ⇠ d20e
i!⌧ 6= 0

D
~E† ~E

E
= G(~r)2d20
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The quantum description is different

Harmonic oscillator with random phase

Dipole moment vanish 

Radiation as before

hdi ⇠ d0hei�i = 0

Square of dipole does not hd⇤(t+ ⌧)d(t)i ⇠ d20e
i!⌧ 6= 0

D
~E† ~E

E
= G(~r)2d20

Bohr (1913): we need to do something to prevent atoms from 
radiating

Quantum effects 

Ground state do not radiate even though 

Rabi oscillation: phase lost during excitation 

h ~̂d(t+ ⌧) ~̂d(t)i 6= 0
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Bell inequalities
Ideal test

Complications:

Requires two systems

Known Bell inequalities for continuous variables 
require complicated states 
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Violates any classical description
Goal: convince somebody trained in classical physics that his/
her view is wrong
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Violates any classical description

J. C. Maxwell (1831-1879)

Goal: convince somebody trained in classical physics that his/
her view is wrong

Show there cannot be any 
classical description 

Rule of the game:

Classical physics allowed 
                   (=>weaker than Bell)

No quantum words allowed
Normal ordered products
Commutators etc.
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Squeezing
Squeezing: non-classical if fluctuations reduced below vacuum 
fluctuations 
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Squeezing
Squeezing: non-classical if fluctuations reduced below vacuum 
fluctuations 

below  
what?Well quantum mechanics tells 

us that every mode has 
fluctuations even vacuum

No it is deeper
 than that

So this quantum thing 
is an initial condition?

Well so you say
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Squeezing
Classical theory? 

Wigner function W(x,p)≥ 0 => Probability distribution

Gaussian operations + homodyne 
                   => Wigner function perfect classical description

Pick x,p according to W(x,p) and evolve

Non-classicality: picking x,p wrong according to quantum mechanics

Same arguments to apply continuous variable quantum 
teleportation,......

Not bad science. Different objective.
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2. The quantum description is different
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Types of non-classicality
1. Agrees with quantum mechanics

2. The quantum description is different

3. Non-classical according to quantum mechanics

4. Violates any classical description

5. Bell inequalities Stronger
criteria

Squeezing+homodyne
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Types of non-classicality
1. Agrees with quantum mechanics

2. The quantum description is different

3. Non-classical according to quantum mechanics

4. Violates any classical description

5. Bell inequalities Stronger
criteria

Squeezing+homodyne

Genuine 
non-classical
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Classical description 

What is the most general 
description of a system?
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Classical description 

What is the most general 
description of a system?

That is wrong in 
quantum mechanics

Well prove it

Well it has a certain 
position and momentum

No, even that is 
wrong

Well it can have a 
distribution of course

Sunday, April 29, 2012



Wigner functions

Single photon state => negative Wigner function 
 => not a probability distribution

Grey background => quantum input (don’t tell Maxwell)

Have been done*: 

State reconstruction
Maximum likelihood 

Inverse Radon

* Large fraction of audience et al
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Wigner functions

Single photon state => negative Wigner function 
 => not a probability distribution

Grey background => quantum input (don’t tell Maxwell)

Have been done*: 

State reconstruction
Maximum likelihood 

Inverse Radon

Quantum

Complicated, numerically unstable

Can we do something simple? 

* Large fraction of audience et al
Sunday, April 29, 2012



Test* 

*Bednorz and Belzig, Phys. Rev. A 83, 52113 (2011)
See also: E. Shchukin, T. Richter, and W. Vogel, J of Optics B: Q. and Semi. Optics 6, S597 (2004). 
J. K. Korbicz, J. I. Cirac, J. Wehr, and M. Lewenstein, Phys. Rev. Lett. 94, 153601 (2005).

hM2(x, p)i =
Z

dxdpW (x, p)M2(x, p) � 0
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*Bednorz and Belzig, Phys. Rev. A 83, 52113 (2011)
See also: E. Shchukin, T. Richter, and W. Vogel, J of Optics B: Q. and Semi. Optics 6, S597 (2004). 
J. K. Korbicz, J. I. Cirac, J. Wehr, and M. Lewenstein, Phys. Rev. Lett. 94, 153601 (2005).

hM2(x, p)i =
Z
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I agree, so let us measure x 

and p and see that it fits
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Test* 

*Bednorz and Belzig, Phys. Rev. A 83, 52113 (2011)
See also: E. Shchukin, T. Richter, and W. Vogel, J of Optics B: Q. and Semi. Optics 6, S597 (2004). 
J. K. Korbicz, J. I. Cirac, J. Wehr, and M. Lewenstein, Phys. Rev. Lett. 94, 153601 (2005).

hM2(x, p)i =
Z

dxdpW (x, p)M2(x, p) � 0

I agree, so let us measure x 

and p and see that it fits

Unfortunately I cannot 
measure both x and p but I 

can measure combination 
and infer W(x,p)

Ok, let’s see
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Picking the right function
Single photon state W (x, p) =

1

⇡

�
1� 2r2

�
e�r2

 

 

Rotational symmetry

r

2 = x

2 + p

2

Pick M so that strong weight on center: 

M(x, p) = 1 +
N/2X

n=1

C2nr
2n

hM2i < 0
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Measurable Test 
hM2(x, p)i =
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N/2X

n=1

C2nr
2n
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Need to know
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Z
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=> measure x and p

hr2li
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Measuring higher orders
l=2 hr4i = h(x2 + p

2)2i = hx4i+ hp4i+ 2hx2
p

2i
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Measuring higher orders
l=2

 

 

hr4i = h(x2 + p

2)2i = hx4i+ hp4i+ 2hx2
p

2i
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Measuring higher orders
l=2

 

 

hr4i = h(x2 + p

2)2i = hx4i+ hp4i+ 2hx2
p

2i

Measure “diagonal” quadratures
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Measuring higher orders
l=2

 

 

hr4i = h(x2 + p

2)2i = hx4i+ hp4i+ 2hx2
p

2i

Measure “diagonal” quadratures
*✓

x+ pp
2

◆4
+

+

*✓
x� pp

2

◆4
+

=
1

2
(hx4i+ hp4i) + 3hx2

p

2i
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General test

Measure 2l quadratures:  
D�

x

2 + p

2
�lE

=

✓
2l

l

◆�122l

2l

2lX

m=1

hQ2l
⇡m/2li
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General test

Measure 2l quadratures:  
D�

x

2 + p

2
�lE

=

✓
2l

l

◆�122l

2l

2lX

m=1

hQ2l
⇡m/2li

General test

For any Cs

⌦
M2

↵
= . . . C2k...C2n. . .

2lX

m=1

hQ2l
⇡m/2li � 0
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General test

Measure 2l quadratures:  
D�

x

2 + p

2
�lE

=

✓
2l

l

◆�122l

2l

2lX

m=1

hQ2l
⇡m/2li

General test

I agree, so let 
us try it out

For any Cs

⌦
M2

↵
= . . . C2k...C2n. . .

2lX

m=1

hQ2l
⇡m/2li � 0
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Quantum expectation

Optimize Cs => negative for N≥4     (requires 8 quadratures )3

terms of the moments of the projected coordinates 〈Qn
α〉,

where

Qα = cosα x+ sinα p, Pα = cosαx− sinα p (5)

is a measureable rotated coordinate. To do this we use
the identity

(

x2+p2
)N

= A2N

2N
∑

m=1

(

cos
(mπ

2N

)

x+sin
(mπ

2N

)

p
)2N

,(6)

where

A2N =

(

2N
N

)

−1 22N

2N
. (7)

This is where quantum and classical approaches diverge.
While classically Eq. (6) represents a measurable phys-
ical quantity, it is missing the key vacuum uncertainty,
allowing for the breakdown of the classical description.
It is interesting to note the implication of identity (6).

For the 2mth moment of the radial distribution to be
known, we need 2m ’cuts’ in phase space; i.e., different
coordinate measurements at equally distributed angles.
Regardless of any assumption about the underlying state,
the average of Eq. (6) directly gives

〈r2N 〉 = A2N

2N
∑

m=1

〈

(

Qmπ/2N

)2N
〉

. (8)

In the special case of a symmetric distribution function
these moments are all identical, and Eq. (8) reduces to

〈r2N 〉 =

(

2N
N

)

−1

22N〈x2N 〉. (9)

The radial moments can thus be indirectly calculated
from the quadrature measurements. Substituting these
radial moments into Eq. (2) using the functional form of
F(x, p) given by Eq. (3), we get, for a given set of mea-
sured moments {〈x2k〉}k, a necessary condition for classi-
cality of the underlying state. If Eq. (2) is violated by the
solutions of Eq. (4), the underlying state cannot be ex-
plained by a proper phase space probability distribution,
and one cannot assign a joint probability distribution to
x and p.
To demonstrate the absence of a joint probability dis-

tribution we are going to consider the phase space de-
scription of a single photon state. In phase space this can
be described by the first excited state of a harmonic oscil-
lator, which is rotationally invariant and contain negative
parts in the Wigner functions. Fig. 1 shows the optimal
functional forms obtained for the this state for low poly-
nomial orders. As higher order terms are included, the
optimized test function is increasingly probing the nega-
tive part ofW , yielding a negative expectation value. We
note that negative expectation values appear only from

FIG. 1: Profiles of the test function F minimizing the ex-
pectation value 〈F〉 for the first excited state of a quantum
harmonic oscillator, as a function of the phase space radius,
for different orders N (see text) plotted against the profile
of the corresponding Wigner function. As the order of the
polynomial increases, the function becomes centered around
the negativity, decreasing elsewhere. In this case, negative ex-
pectation values are obtained starting at N = 4. Inset shows
the polynomial order required to observe negative expectation
values, as a function of the single-photon fractional content
in a mixture with vacuum. As the fraction of vacuum is in-
creased, the state approaches a classically describable state
and higher moments are needed to observe the negativity.

the fourth order onward. This is because the peak of
the test function at the position of the negativity must
be narrower than Heisenberg’s uncertainty in order not
to smear the negativity; this is in full agreement with
Ref. [20].

The experimental demonstration is achieved with sin-
gle photons generated by an heralded cavity-enhanced
non-degenerate parametric down-conversion. The equiv-
alence between a single mode electromagnetic field and
an harmonic oscillator allows us to describe the EM field
by a phase space of a single degree of freedom. The down-
conversion process produces two photons, and as one is
detected as a trigger, the result is a single photon state
where the losses introduce a statistically mixed compo-
nent of vacuum. The projection measurements (quadra-
tures) are obtained by measuring the statistics of the
noise, using an optical homodyne detection scheme. In
this scheme, the weak investigated optical field is over-
lapped with a strong laser pulse on a beam splitter, and
the interference of the two fields is detected and sub-
tracted. The phase of the strong laser field determines
the angle α (Eq. (5)) of the measured coordinate. Mea-
surements were taken without fixing the phase of the lo-
cal oscillator, thus smearing the resulting distribution.
This enables us to treat the results as rotationally invari-
ant even if non-invariant features existed prior to smear-
ing. Such measurements will generate a rotationally in-
variant reconstructed state for any underlying state, but
this does not necessarily average out negativities in the
Wigner function (see, e.g., [23]). For details of the ex-
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Experiment
“Standard” photon subtraction experiments

Fig. 1. (Color online) Setup diagram. The second harmonic generator (SHG) pumps the
optical parametric oscillator (OPO). The filter cavities should allow only a single mode
(at frequency ω−) to reach the single photon counting avalanche photo diode (APD). Two
acousto optic modulators (AOM) shift the main frequency to ω− and ω+ - the latter is used
for the local oscillator (LO) of the homodyne measurement, the former for an alignment
beam, which is used to bring all cavities resonant with ω− but which is blocked during
measurement.

escape efficiency ηesc = T/(T +L) = 0.97. With an effective nonlinearity ENL ≈ 0.020 W−1,
the threshold pump power for oscillation is around Pthr = (T +L)2/4ENL = 210 mW. The blue
pump (430 nm) is generated by frequency doubling the main Ti:Sapph laser in a second har-
monic generator (SHG) of similar geometry as the OPO, but with a KNbO3 crystal as the
nonlinear medium. For single photon generation the pump should be rather weak to inhibit
the population of higher photon numbers. The pumping strength is quantized as the pump pa-
rameter ε =

√

Pb/Pthr, where Pb is the blue pump power. This pump parameter is most easily
inferred by observing the parametric gain,G= 1/(1−ε)2 of a beam of half the pump frequency
seeded into the OPO.
The frequency spectrum of the OPO is illustrated in Fig. 2. With no seed beam, the output

field in the degenerate frequency mode (half pump frequency) is quadrature-squeezed vacuum,
whereas the non-degenerate modes taken individually are thermal states. They are, however,
pairwise correlated symmetrically around the degenerate frequency. In the weak pump regime
this means that for each down-converted photon in the ω− mode one FSR below the degenerate
frequency, there is a twin photon in the ω+ mode one FSR above. In the time domain, the field
operator correlations for the two modes are given by [29]:

〈â±(t)â∓(t ′)〉 =
λ 2−µ2

4

(

e−µ|t−t ′|

2µ
+
e−λ |t−t ′|

2λ

)

〈â†±(t)â±(t ′)〉 =
λ 2−µ2

4

(

e−µ|t−t ′|

2µ
−
e−λ |t−t ′|

2λ

)

(1)

〈â±(t)â±(t ′)〉 = 〈â†±(t)â∓(t ′)〉 = 0 ,

with
λ = γ1/2(1+ ε) , µ = γ1/2(1− ε) .
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inferred by observing the parametric gain,G= 1/(1−ε)2 of a beam of half the pump frequency
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nonlinear medium. For single photon generation the pump should be rather weak to inhibit
the population of higher photon numbers. The pumping strength is quantized as the pump pa-
rameter ε =
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Pb/Pthr, where Pb is the blue pump power. This pump parameter is most easily
inferred by observing the parametric gain,G= 1/(1−ε)2 of a beam of half the pump frequency
seeded into the OPO.
The frequency spectrum of the OPO is illustrated in Fig. 2. With no seed beam, the output

field in the degenerate frequency mode (half pump frequency) is quadrature-squeezed vacuum,
whereas the non-degenerate modes taken individually are thermal states. They are, however,
pairwise correlated symmetrically around the degenerate frequency. In the weak pump regime
this means that for each down-converted photon in the ω− mode one FSR below the degenerate
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nonlinear medium. For single photon generation the pump should be rather weak to inhibit
the population of higher photon numbers. The pumping strength is quantized as the pump pa-
rameter ε =
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Pb/Pthr, where Pb is the blue pump power. This pump parameter is most easily
inferred by observing the parametric gain,G= 1/(1−ε)2 of a beam of half the pump frequency
seeded into the OPO.
The frequency spectrum of the OPO is illustrated in Fig. 2. With no seed beam, the output

field in the degenerate frequency mode (half pump frequency) is quadrature-squeezed vacuum,
whereas the non-degenerate modes taken individually are thermal states. They are, however,
pairwise correlated symmetrically around the degenerate frequency. In the weak pump regime
this means that for each down-converted photon in the ω− mode one FSR below the degenerate
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Fig. 1. (Color online) Setup diagram. The second harmonic generator (SHG) pumps the
optical parametric oscillator (OPO). The filter cavities should allow only a single mode
(at frequency ω−) to reach the single photon counting avalanche photo diode (APD). Two
acousto optic modulators (AOM) shift the main frequency to ω− and ω+ - the latter is used
for the local oscillator (LO) of the homodyne measurement, the former for an alignment
beam, which is used to bring all cavities resonant with ω− but which is blocked during
measurement.
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the threshold pump power for oscillation is around Pthr = (T +L)2/4ENL = 210 mW. The blue
pump (430 nm) is generated by frequency doubling the main Ti:Sapph laser in a second har-
monic generator (SHG) of similar geometry as the OPO, but with a KNbO3 crystal as the
nonlinear medium. For single photon generation the pump should be rather weak to inhibit
the population of higher photon numbers. The pumping strength is quantized as the pump pa-
rameter ε =
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Pb/Pthr, where Pb is the blue pump power. This pump parameter is most easily
inferred by observing the parametric gain,G= 1/(1−ε)2 of a beam of half the pump frequency
seeded into the OPO.
The frequency spectrum of the OPO is illustrated in Fig. 2. With no seed beam, the output
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whereas the non-degenerate modes taken individually are thermal states. They are, however,
pairwise correlated symmetrically around the degenerate frequency. In the weak pump regime
this means that for each down-converted photon in the ω− mode one FSR below the degenerate
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〈â†±(t)â±(t ′)〉 =
λ 2−µ2

4

(

e−µ|t−t ′|

2µ
−
e−λ |t−t ′|

2λ

)

(1)
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Results 4

FIG. 2: Expectation value for the square of a polynomial
relative to its standard deviation, as a function of the polyno-
mial’s order for the experimental data. Negativity by almost
20 standard deviations disproves the existence of a joint prob-
ability distribution for x and p. The inset shows a histogram
of the raw measured quadrature data (arbitrary units).

perimental setup and the charactarization of the resulting
single photon see Ref. [24].
The data set contained 180,000 measured quadratures.

We have here revised the optimization of the functional
to also account for statistical uncertainties inherent to a
limited data set. This is done by optimizing

G =
〈F〉

〈σF〉
, (10)

where σF =
√

〈F2〉 − 〈F〉2 is the standard deviation of
F. The results are shown in Fig. 2. The fact that the
expectation value for our test function is negative with
certainty of almost twenty standard deviations, clearly
demonstrates that the measured state in this experiment
cannot be explained by classical theory, unambiguously
negating the possibility of existence of a joint probabil-
ity distribution for x and p. The appearance of negative
values from the twelfth order polynomials and higher in-
dicate the quantum mechanical description of this state
in terms of a Wigner function includes negative valued ar-
eas. We note that the minimized function from Eq. (3) is
monotonically decreasing for increasing order N , and the
onset of negativity at a certain order therefore means that
all higher orders will also be negative. This suggests a se-
quential authentication procedure for an unknown state.
As mentioned above, for a pure single photon state, neg-
ative expectation values are observable from the 4-th or-
der polynomial onwards. The twelfth order polynomial
required here is due to the vacuum component of the
field, requiring higher orders of the polynomial as shown
in the inset of Fig. 2, and is in agreement with the re-
sults obtained in Ref. [24] reporting 62% fraction of single
photon in the resulting mixed state.
In conclusion, we have experimentally demonstrated

the non-existence of a joint probability distribution of
two canonical variables. This is done by violation of an

inequality derived without the assumptions of quantum
mechanics, thus allowing for it as proof of the absence of a
classical description in systems not immediately evident
to display quantum behavior. The procedure used here
can thus provide a simple, practical tool for demonstrat-
ing the non-classicality of a state based on quadrature
measurements, where the existence of a classical joint
distribution of two conjugated variables can be negated.
In this way, this procedure is closely linked to other crite-
ria [25–27] demonstrating contextuality of measurements,
and thus disproving the classical local hidden variable
view. Unlike Ref. [25–27], which are applicable to dis-
crete variables, the method demonstrated here applies
for continuous variables such as position and momen-
tum, collective spin operators [28] and quadrature phase
operators. This makes it useful to systems containing
many particles, where criteria based on counting parti-
cles are not easily implemented and interpreted. This
method complements the full tomographic reconstruc-
tion techniques in that it is simpler and avoids numerical
complexities of inverse transformations. These kinds of
conceptual proofs, when extended to different detection
schemes, can shed more light on the quantum to classical
correspondence, especially where the control of claimed
macroscopic quantum states is in question.

ACKNOWLEDGMENT

The authors would like to thank W. Vogel for his valu-
able comments and discussions. This work was support
by the Villum Kann Rasmussen Foundation (Denmark),
the EU projects Q-ESSENCE and MALICIA, and Dan-
ish National Research Foundation. NGJ is grateful for
generous support from Danmarks Nationalbank (Den-
mark).

∗ Corresponding author: eran.kot@nbi.dk
[1] K. Hammerer, A. S. Sørensen, and E. S. Polzik, Rev.

Mod. Phys. 82, 1041 (2010).
[2] H. J. Kimble, Nature 453, 1023 (2008).
[3] M. Arndt, O. Nairz, J. Vos-Andreae, C. Keller, G. van der

Zouw, and A. Zeilinger, Nature 401, 680 (1999).
[4] C. A. Regal, J. D. Teufel, and K. W. Lehnert, Nature

Physics 4, 555 (2008).
[5] J. D. Teufel, T. Donner, D. Li, J. W. Harlow, M. S.

Allman, K. Cicak, A. J. Sirois, J. D. Whittaker, K. W.
Lehnert, and R. W. Simmonds, Nature 475, 359 (2011).

[6] J. Chan, T. P. M. Alegre, A. H. Safavi-Naeini, J. T.
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Violation by nearly 20 standard deviations.
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Conclusion

Simple strict non-classicality test

Can be violated on a single system using homodyne detection

Light field: one cannot assign a probability distribution to the 
position and moment - not even nature can know x and p 

simultaneously

Non-classical: no classical description 
                    (don’t assume quantum mechanics)
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Conclusion

Simple strict non-classicality test

Can be violated on a single system using homodyne detection

Light field: one cannot assign a probability distribution to the 
position and moment - not even nature can know x and p 

simultaneously

Non-classical: no classical description 
                    (don’t assume quantum mechanics)

I didn’t see that coming. I 
guess I will have to study 
this quantum thing.
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Outlook

Similar test should be applied to other macroscopic systems

Superconducting systems

Nanomechanical systems => this test works directly

Extension to Bell inequalities?
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